LEBESGUE-FOURIER ALGEBRA OF A HYPERGROUP 



M. ALAGHMANDAN, R. NASR-ISFAHANI, AND M. NEMATI 



Abstract. Let CA{H) be the Lebesgue-Fourier space of a hypergroup H con- 
sidered as a Banach space on H. In addition CA{H) is a Banach algebra with 
the multiphcation inherited from L^{H). Moreover If is a regular Fourier 
hypergroup, CA{H) is a Banach algebra with pointwise multiphcation. We 
study the amenability and character amenability of these two Banach alge- 
brasQ 

The theory of locally compact hypergroups in harmonic analysis was initiated 
independently by Dunkl [3] and Jewett [11^ in the early 1970s with small differences. 
In 1968 Pym [T7] also considered convolution structures which are close to this 
theory. A nice exposition of the subject can be found in [18 . We use the term 
hypergroup to refer to the locally compact hypergroups defined by Jewett [llj . 

Fourier algebras over hypergroups have not been subject of much attention, since 
they do not need to form an algebra with pointwise multiplication. In his recent 
work, Muruganandam [TJ] studies several hypergroups whose Fourier space forms 
a Banach algebra with pointwise multiplication. He defines a class of hypergroups 
called regular Fourier hypergroups where the associated Fourier space is a Banach 
algebra with its norm. 

Lebesgue-Fourier algebras of locally compact groups were studied extensively by 
Ghahramani and Lau in [5] . Lebesgue-Fourier algebras are not only Segal algebras 
with convolution but also abstract Segal algebras with respect to the Fourier algebra 
of a locally compact group. 

After an overview of the preliminaries in section 1, in section 2, we define 
Lebesgue-Fourier space over a hypergroup. We extend the definition and the main 
ideas of [5] to hypergroup H; accordingly, we consider CA[H) with the induced 
multiplication as a dense ideal of the algebra of integrable functions, L^{H). More- 
over, we show that the amenability of CA{H) with the multiplication induced from 
L^{H) leads to the amenability and discrete being of H: also, a-amenability of H is 
equivalent to the (/)Q-amenability of CA{H) for each a E H. Section 3 is devoted to 
regular Fourier hypergroups H when Lebesgue-Fourier space with pointwise mul- 
tiplication is a dense ideal of the Fourier algebra A{H) and therefore is a Banach 
algebra with pointwise multiplication, and as a result, amenability of CA{H) with 
the pointwise product leads to compactness of H and amenability of A{H). Even- 
tually, we show that A{H) and CA{H) are 0a:-amenable for each x E H. 
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1. Preliminaries 

Let H he a (locally compact Hausdorff) hypergroup which admits a left Haar 
measure uih- Here we use dt instead of dmH{t). We follow the definition of a 
hypergroup in ill . For every x ^ H, suppose 5x denotes the point measure at x. 
We show the probability measure 5x * Sy simply by xy and x denotes the involution 
oi X G H. Also C{H) is the space of all continuous functions on H and for all 
X G H and / G C{H), l^f represents the (generalized) left translation of / by x, 

l.f{y) f{.xy) = / f{t)d(5x * 5y){t), y € H. 

J H 

As usual we consider LP{H) for 1 < p < oo with respect to the left Haar measure of 
H equipped with the translation operator whose norm is bounded from the above 
by 1. The translator can be extended to L'p{H) as an L^(7f)-module by setting 

hgi.^) = / k9{x)f{y)dy 
Jh 

for all / e L^{H) and g G LP{H). If / is a function on H, define / by f{x) = f{x) 
and / by f{x) — f{x) for each / G LP{H) and x G H. The Banach space L^{H) is 
a Banach algebra with f * g ■= Ifg when f,g G L^{H). 

Let S denote the set of equivalence classes of representations of H and A denote 
the left regular representation of H on [H) given by 

\{x)f{y) = J{xy) for all x,y e H and for aU / G L^iH). 

Let C*{H) and Cl{H) represent the full and reduced C*-algebras of H respec- 
tively. The Von Neumann algebra associated to A of H, namely, the bicommutant 
of X{L1{H)) in B{L^{H)) is called the Von Neumannn algebra of H and is denoted 
by VN{H) (see [IHIIS]). For any / G L^{H) the norm of C*{H) is given by 

WfWc'iH) = sup \\tiU)\\b(h^)) 

TreS 

when T-Ltt is the Hilbert space related to each tt G S; accordingly we have 

ll/llc*(H) = \\Kf)\\B(L-i(H))- 

The Banach space dual of C*{H) is called the Fourier-Stieltjes space and is 
denoted by B{H). Let B\{H) denote the Banach space dual of the reduced C*- 
algebra C^{H). In fact, B\{H) can be realized as a closed subspace of B{H). The 
closed subspace spanned by {/*/:/ G Cc{H)} in B\{H) is called the Fourier 
space of H and is denoted by A{H) [15l [16]. The Banach space dual of A{H) 
can be identified with the Von Neumann algebra of H in the following way. For 
every T G VN{H) there exists a unique continuous linear functional (pr on A{H) 
satisfying 

Mif*9r) = {T{f),g)mH) for ah f,g e L\H). 

The mapping T ipr is a Banach space isomorphism between VN{H) and A{H)*. 
By an abuse of notation, we use T to represent ipr- 
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2. Lebesgue-Fourier algebra for general hypergroups 
Let _ff be a hypergroup and let us define 

CA{H) -.^ L\H) A{H) 

and 

Ill/Ill = ll/lli + ll/IU(/f). 

for each / e CA{H). Similar to 8, lemma 2.1], we have 

Lemma 2.1. Given a hypergroup H, CA(H) is a dense left ideal of L^{H). 

Proof. By ^15j corollary 2.12], we know that 

is dense in A{H). But 5 * is an element of L^{H) for each g e L^{H) and 
4> e L'^{H), so X]r=i 5 * (04 * <y5i) = Z]iLi(5 * 0i) * "^i belongs to CA{H) for each 
g e ii(^r) and Er=i * e 

To show CA{H) is a dense set in L^{H) we refer to [151 proposition 2.22] and 
[20} lemma 2.1] to generate a left bounded approximate identity for L^{H) whose 
elements belong to CA{H). 

□ 

Proposition 2.2. Let H he a hypergroup. Then {CA{H), \ \\ ■ \ \\) with the induced 
multiplication from L^{H) is a Banach algebra. 

Proof. Let {/„} be a Cauchy sequence in CA{H) which || • ||i-converges to some 
/ e L^{H) and || • ^(j/^-converges to some /' e A{H). There exists a subsequence 
{/rifc} of {/"} which pointwise converges to / almost everywhere. Moreover, based 
on [15l remark 2.9], ||/||oo < ||/IU(_ff) for each / G CA{H); therefore f — f almost 
everywhere. So |||/„ - /||| ^ 0. 

Sine \\g * 0||2 < ||ff||i||0||2 for each g e L\H) and e ^^(i/), 

11.9 <^)IU(H) < ll5lli||0*<^IU(H) for 9 e L\H) and 0, £ L'^iH). 

Consequently, we have |||g * /||| < ||.9||i|||/||| for each / e CA{H). Hence, 

Ill3*/lll<lll3lll Ill/Ill 

when f,ge CA{H). 

□ 

We know that CA{H) has an approximate identity whose elements are bounded 
in II • 111 |20[ lemma 2.1]. Accordingly, in the following proposition we study the 
existence of an approximate identity for CA{H) bounded in ||| • |||. 

Proposition 2.3. Let H be a hypergroup. The followings are equivalent: 

(a) H is discrete; 

(b) CA{H) = L\H); 

(c) CA{H) has a bounded approximate identity. 
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Proof. It is easy see (a) (b) and (a) =^ (c). 

(6) ^ (a). We know L'^iH) C C Co(i?). We define l : L^{H) ^ Co{H) 

where (.(/) is the function in Co{H) and in the equivalence class of /. We will 
show that L is continuous. Let {/„} be a sequence in L^{H) converging to / G 
L^{H); as a result there exists a subsequence {fuk} that converges to / pointwise 
almost everywhere. If {t(/ri)} converges to /' £ Co{H), it follows /' = almost 
everywhere. So by closed graph theorem, i is a continuous map. Let H he a. non- 
discrete hypergroup, then m//({e}) = by [TTl theorem 7. IB]. By an argument 
similar to the proof of [H proposition 2.3], there is a bounded net {f-y} in L^{H) 
when t(/^) — oo, which contradicts the continuity of t as a linear map. 

(c) (&). By assumption, there is a bounded right approximate identity (u^) 
such that {u-y) C CA{H) and IIIM7II ] < if for all 7. Since || |/*u-y]] | < IU7III for 

all / e CA{H) and 7, we have < K\\f\\i. On the other hand, \\f\\i < \\\f\\\. 

Thus the two norms ]] • ||i and ]]] • ]|] are equivalent on £A{H), so CA{H) = L^{H) 
by lemma [2TT] □ 

Corollary 2.4. Let H be a hypergroup. If CA{H) with the multiplication induced 
from L^{H) is amenable then H is discrete and amenable. 

Proof. If CA{H) is an amenable algebra, then based on [191 proposition 2.2.1], it 
has a bounded approximate identity. So by proposition 12.31 we have that H is 
discrete. Also since CA{H) = 1^{H), by [20l proposition 4.9] H is amenable. □ 

The converse of the preceding corollary is not true in general, because the 
amenability of H does not show the amenability of L^{H) (see [20] and to con- 
sider a counter example see [1]). 

Let H he a. commutative hypergroup. The dual space of the hypergroup algebra, 
L^{H), can be identified with the usual Banach space L°°{H), and its structure 
space is homomorphic to the character space of _ff , i.e. 



equipped with the compact-open topology. X^{H) is a locally compact Hausdorff 
space. Let H denote the set of all hermitian characters a in X^{H), i.e. a{x) = a{x) 
for every x E H with a Plancherel measure tth- Note that H in general may not have 
the dual hypergroup structure and a proper inclusion in supp{tth) Q H <Z X^{H) 
is possible. 

The Fourier-Stieltjes transform of /i G M{H), /i G C^{H), is given by /i(a) :— 
a{x)dfi{x). Its restriction to L^{H) is called the Fourier transform. We have 
/ G Co{H) for / G L^{H), and the map that takes a to I (a) = ker{(j)a) is a bijection 
of iJ onto the space of all maximal ideals of L^{H), where ker((/)a) denotes the kernel 
of the homomorphisms (j>a{f) = f{a) on L^{H) (see [3]). 

Let ^ be a Banach algebra and (j{A) be the set of all non-zero characters on A. 
Kaniuth, Lau and Pym |12 | ll3 j introduced and studied the concept oi (p- amenability 
for Banach algebras as a generalization of left amenability of Lau algebras when 
(j) G a{A). A is (p-amenable if there exists a bounded net (a^) in A such that 
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4>{aj) 1 and \\aa-y — (f){a)a'y\\ for all a £ A. Any such net is called a bounded 
approximate 0-mean. 

The notion of a-amenable hypergroups was introduced and studied in [B]. As 
shown in [2], iJ is a-amenable if and only if L^{H) is 0ct-amenable. In the following 
theorem we explore the connection between a-amenability of H and 0Q,-amenability 
of CA{H). 

Theorem 2.5. Let H be a commutative hypergroup and let a ^ H be real-valued. 
Then the Lebesgue- Fourier algebra, CA{H), is (pa-amenable if and only if H is 
a-amenable. 

Proof. Suppose H is a-amenable. Then L^{H) is (/)Q-amenable by [21 Theorem 1.1]. 
Thus there is a bounded approximate 0ct-mean in L^{H), say (f-f). Fix ho G CA{H) 
such that cj)a{ho) = 1 and set hj — f^ * ho & CA{H) for all 7, and consequently, 
for each h e CA{H) we have 

\\\h * h^ - (l)a{h)h^\\\ < |||/io||| 

and (j)a{hry) = 4>a{f~i) 1- Since {fa) is || • ||i-bounded, it follows that {h^) is 
II • |||-bounded. Thus CA{H) is amenable. 

Conversely, suppose that CA{H) is (/)q,- amenable. Then there is a bounded ap- 
proximate 0Q-mean {h^) in CA{H). Fix ho G CA{H) such that (/)a(/io) — 1 and set 
f^ = ho * h^ for all 7. Since CA{H) is a left ideal in L^{H), we have 

11/ * A - ?!'a(/)/7lli = 11/ *ho*h^- (t){f)ho * h^Wi 

< 11/ *ho*h^ - (f>a{f)(l>aiho)hj\\i 
+ \\(t'a{f)(t>aiho)h^ - (l>{f)ho *h^\\i 

< \ \\ f * ho * h^ ~ (j)a{F * ho)hj\\\ 

+ |0(/)I \\\4>aiho)hj - ho* h^\\\ 0, 

and (jiaif-y) = (j^aih-y) 1 for each / e L^{H) . Since || • ||i < ||| • |||, it follows 
that {f^) is a II • ||i-bounded approximate 0Q,-mean in L^{H), and L^{H) is (j)a-\eit 
amenable. Thus H is a-amenable by [2 Theorem 1.1]. □ 

3. Lebesgue-Fourier algebra for regular Fourier hypergroups 

Let _ff be a commutative hypergroup, we define 

S={aeH \ |/2(a)| < ||A(/i)|| for all n e M{H)} 

A non empty closed subset of i?, see ^5J. Muruganandam has defined [F) condition 
as following. 

Definition. Let Hhea, commutative hypergroup. We say H satisfies [F) condition 
if there exists M > satisfying the following 

For every pair a, a' e S, aa' belongs to B\{H) and ||aa'||B(/f) < M. 

Some interesting results for commutative hypergroups which satisfy {F) condi- 
tion have been obtained in [15]. We quote the following corollary. 



6 



M. ALAGHMANDAN, R. NASR-ISFAHANI, AND M. NEMATI 



Corollary 3.1. Let H he a commutative hypergroup satisfying condition (F). Then 
the Fourier space A(H) is an algebra under pointwise product. Moreover, 

\\f ■ gUiH) < M\\f\\AiH) WgUiH) for f,geA{H). 

In particular if M — 1, then A{H) forms a Banach algebra. Similar results hold 
for BxiH). 

This corollary led Muruganandam to define (regular) Fourier hypergroups in 

m- 

Definition. A hypergroup H is called a Fourier hypergroup if 

(1) The Fourier space A{H) forms an algebra with pointwise product. 

(2) There exists a norm on A{H) which is equivalent to the original norm with 
respect to which A{H) forms a Banach algebra. 

A hypergroup is called a regular Fourier hypergroup if A(H) is a Banach algebra 
with its original norm and pointwise product. 

As we have seen in corollary 13.11 all commutative hypergroups which satisfy 
(F) for some M > are Fourier hypergroups. If M = 1 then H is a regular 
Fourier hypergroup. Consequently, several (regular) Fourier hypergroups have been 
introduced in 1_5J section 4.1. We will scope on regular hypergroups to pursue 
results for CA{H). 

Proposition 3.2. Let H he a regular Fourier hypergroup. Then CA{H) is a dense 
ideal in A{H). 

Proof. For each / e CA{H) and </> S A{F[), • / is in L^{H), since / belongs to 
Co{H). Moreover, regular Fourier hypergroup property of H implies (j) ■ f d A{H). 
Because A{H)r\Cc{H) is dense in A{H), CA{H) is dense in A{H), see [HI corollary 
2.12]. □ 

Proposition 3.3. Let H he a regular Fourier hypergroup. Then {CA{H), \ \\ ■ |||) 
with the pointwise multiplication is a Banach algehra. 

Proof. As we have seen in the proof of proposition 12. 2[ CA{H) is a Banach space. 
Since || • ||oo < || • \\a{h), we have 

||0-/||i<||0lU(//)ll/l|i 
for each G CA{H) and / G L^{H). Hence 

Ill5-/lll<lll5lll Ill/Ill 
tor each f,g e CA{H). □ 



Proposition 3.4. Let H he a regular Fourier hypergroup. The fallowings are equiv- 
alent: 

(a) H is compact; 

(b) CA{H) = AiH); 

(c) CA{H) with the pointwise product has a hounded approximate identity. 
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Proof. Clearly (a) => {b) and (a) ^ (c). 

(6) ^ (a). We know A{H) C L^^)- We define i : A{H) Li(i7) where i{f) 
is the equivalent class of / in L^{H). We show that i is continuous. Let {/„} be a 
convergent sequence in A{H) to some / S A{H) which implies /„ — > / uniformly. 
If {i{fn)} converges to /' G L^{H), and as a result there is a subsequence i{fnk) 
which converges to /' pointwise almost everywhere. Therefore /' ~ i{f) almost 
everywhere. So by closed graph theorem, i is a continuous map. Let H he a 
non-compact hypergroup, then mniH) = oo by [TTJ theorem 7.2B]. By the same 
argument as in the proof of [H proposition 2.6] we can make a bounded net {/^j in 
A(H) when ||j(/7)||i — > oo, which contradicts the continuity of i as a linear map. 

(c) =4^ (6). By assumption, there is a bounded approximate identity, say (uj) C 
CA{H), with IIIU7III < K for all 7. Since |||/ ■ u-^W] < ||/|U(i/)|||w7||| for all 
f e CA{H) and 7, it follows that Ill/Ill < ii:||/|U(ff)- On the other hand < 
|||/|||. Thus the two norms || • \\a{h) and ||| • ||| are equivalent on £A{H), and so 
CA{H) = A{H); this is because £A{H) is dense in A{H) under || • \\a{h)- □ 

Corollary 3.5. Let H be a regular Fourier hypergroup and CA{H) with the point- 
wise product be amenable. Then H is compact, and the Fourier algebra A{H) is 
amenable. 

Proof. Suppose that CA{H) is an amenable algebra. Then by proposition 2.2.1 of 
[19j . it has a bounded approximate identity. So, by proposition 13.41 H is compact. 
Also since CA{H) = A{H), the norms ||| • ||| and || • \\a{h) are equivalent by the 
open mapping theorem. So A(H) is amenable. □ 

Let H he a regular Fourier hypergroup and let x d H. Then the functional (j)x 
given by (j)x{f) = f{x) for all / G A{H) belongs to <7{A{H)) by [HI proposition 
2.22]. 

Theorem 3.6. Let H be a regular Fourier hypergroup. Then A{H) is (px-amenable 
for all X E H . 

Proof. Fix X E H and let U denote a net of relatively compact neighborhoods of e 
in H. For U €U, define fu € A{H) by 

fu{y) = mH{Uy^{\{y)liuAu)L^iH) 

= mH{Uy^ / lxu{yz)dz 
Ju 

= mHiUy^niHiyxU nU) 

for all y E H, where A is the left regular representation of H on L'^{H). Recall 
that VN{H) is canonically identified with the dual space A{H)* by the paring 
{X{y),f) = f{y) (cf. ,15, proposition 2.21]). Then 



\\fu\\AiH)<mHiU)-'\\Uuh\\luh^l. 
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Let F he a. weak* cluster point of {,fu)u in A(H)**. Then 
F{(j)x) = ^^^{fu,<t)x) = fu{x) = 1, 

and moreover 

for y ^ X. Therefore 

F{X{y).f) = \im{fu,\{y)-f) 
= lim{X{y),ffu) 

fi s niHiyxU n U) 

= }{y)F{\{y)) 

for all y £ H and / G ^(-f^)- Since {A(y) : y e i?} generates VN{H), we conclude 
that F{T ■ /) = F{T) for all T G VN{H) and / e ^^(i?). This completes the 

proof. □ 

Corollary 3.7. Let H he a regular Fourier hypergroup and CA{H) is equipped with 

the pointwise product. Then CA{H) is (p^- amenable Jar all x £ H . 

Proof. First note tliat since CA(H) is dense in A{H)^ 4>x\ca{h) s,nd 4>x\ca{H) 
belongs to a{LA{H)). In addition, since A{H) is 0a;-amenable, there is a bounded 
approximate (/>a;-mean (/-y) in A{H). Fix Hq G CA{H) such that (pxiho) = 1 and 
set h-y = fjho e CA{H) for all 7. Thus for each h G CA{H) we have 

- ci>x{h)h^\\\ < \\hf^ - ci>x{h)f4A{H) \\\ho\\\ ^ 

and (px{h-y) = (t>{f-y) 1- Thus CA{H) is ^^^-amenable. □ 
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